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Abstract Chaotic oscillations are useful in assessing the health of a structure. Hence, simple
chaotic systems which can easily be realized mechanically or electro-mechanically are highly desired.
We study a new piecewise linear spring-mass system. The chaotic behaviour in this system is
characterized using bifurcation diagrams and the invariant parameters of the dynamics. We also show
that there exists a stochastic analogue of this system, which mimics the dynamical features of its de-
terministic counterpart. This allows a greater ﬂexibility in practical designs as the chaotic oscillations
are obtained either deterministically or stochastically. Also, the oscillations are low dimensional,
which reduces the computational resources needed for obtaining the invariant parameters of this
system. c© 2012 The Chinese Society of Theoretical and Applied Mechanics. [doi:10.1063/2.1205302]
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Chaotic oscillations together with the reconstruc-
tion of the attractor from time series1 are used exten-
sively in structural health monitoring.2 However, in gen-
eral, any times series which allow the reconstruction of
the phase space can be used. For example, bandlimited
noise3 which exhibits some features of chaotic dynam-
ics can be used in assessing the health of a structure.4
Lower dimensional oscillations are preferred2,5 as it re-
duces the computational resources needed for the recon-
struction of the dynamics from the time series and the
computation of the invariant parameters that indicate
the robustness of a structure.
In view of the above, or similar applications, chaotic
systems of lower dimensionality, which can be easily re-
alized mechanically or electro-mechanically are highly
desired. In this letter we show that a nonlinear oscilla-
tor obtained by modifying the harmonic oscillator can
behave chaotically, which make it one of the most eas-
ily realizable chaotic spring-mass system. Further, we
also show that the stochastic analogue of this system
also produces lower dimensional oscillations similar to
its deterministic counterpart, which allows greater ﬂex-
ibility in a practicable design.
The harmonic oscillations in a spring-mass system
can be represented by
d2x
dt2
+ γ
dx
dt
+Ω2x = a sin(ωt), (1)
the parameters in Eq. (1) are γ (the damping coeﬃ-
cient), Ω (the angular frequency of the oscillator) and
ω (the frequency of the drive). Such a system shows
periodic behaviour after the initial transients have van-
ished.
In our model, the oscillator is driven only within a
thin strip in the phase space (Fig. 1) of width 2s. Such
a system can be represented as
d2x
dt2
+ γ
dx
dt
+Ω2x = μ(s, x)a sin(ωt), (2)
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Fig. 1. The schematic diagram of the driving. The drive
and the oscillator are coupled when the trajectory is inside
the strip located at the origin of the phase space.
where
μ(s, x) =
{
1, if | x |≤ s,
0, otherwise.
(3)
We choose the origin as the location of the strip because
orbits with a lower energy may not encounter the strip,
if it is located far from the origin. Such orbits will
spiral towards zero as in the case of an ordinary damped
oscillator. When not driven, the oscillator performs a
damped motion and the drive runs freely.
This modiﬁcation makes it a piecewise linear sys-
tem with strong nonlinearities suﬃcient for chaotic be-
haviour, also, many of the well known chaotic systems
are piecewise linear. A well known example of a driven
piecewise linear system is, the Murali-Lakshmanan-
Chua system6 which is a modiﬁcation of the Chua’s
circuit.7
A mathematica demonstration of the system de-
scribed by Eq. (2) can be found in Ref. 8.
The stochastic analogue of the system described by
Eq. (2) is realized by the drive assuming a random value
ξ each time the phase space trajectory enters the strip.
The amplitude of forcing ξ is Gaussian random variable
with variance σ2 = 1/
√
2 and zero mean. We deﬁne
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Fig. 2. Time series of the system.
χ(s, x) as follows
χ(s, x) =
{
ξ, if | x |≤ s,
0, otherwise.
(4)
Replacing the deterministic driving in Eq. (2) term with
χ, the resultant stochastic system can be represented as
d2x
dt2
+ γ
dx
dt
+Ω2x = aχ(s, x). (5)
Numerical simulations were done using the Runge-
Kutta algorithm with step size 10−3. We choose the
following values for the parameters: Ω = 1.0, γ = 0.1,
ω = 0.3, s = 0.1 and a = 2.5, these parameters
were chosen by numerical trials to express the concepts
clearly, and are ﬁxed during the evolution of the sys-
tem in time. Figure 2 shows the time series x(t) of the
system. The amplitude of oscillations, and the number
of oscillations between two consecutive crossings of the
strip are irregular. Figure 3 shows the phase space plot
of the system. Note that there is a discontinuity in a
strip of width 2s near 0 in the phase space, where the
oscillator is coupled to the drive. A closer view of the
strip is given in Fig. 4. It can be seen that the tra-
jectories that approach the origin may either cross the
strip with or without considerable modiﬁcations, or it
may get reversed. Varying the parameters s and γ, the
system exhibits both chaotic and periodic oscillations.
From the bifurcation diagrams shown in Figs. 5 and 6,
it can be seen that the chaotic behaviour disappears for
higher values of s and γ. Also note that for s  1,
there is a transition to the case of an ordinary driven
damped linear oscillator, where no chaotic behaviour is
expected.
Figure 7 shows an expansion of the region in Fig. 5
where the system switches the periodic dynamics to
chaotic dynamics. Hysteresis or the sudden change in
nature of the periodic orbits of the system and period
doubling bifurcations can be observed in the parameter
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Fig. 3. Phase space trajectory of the oscillator.
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Fig. 4. Close view of the strip. Note the trajectories: a is
reverse direction, b is cross the strip but suﬀers deformation,
c is cross the strip without considerable modiﬁcation.
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Fig. 5. Bifurcation diagram obtained by varying the strip
width s.
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Fig. 6. Bifurcation diagram obtained by varying the damp-
ing coeﬃcient γ.
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Fig. 7. The system undergoes period doubling bifurcations
before the onset of chaos.
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Fig. 8. Reconstructed phase space of the attractor.
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Fig. 9. Time series generated by the stochastically driven
system.
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Fig. 10. Reconstructed phase space of the stochastically
driven attractor.
range of s = 0.71 to s = 0.78. Period doubling bifur-
cations implies the period doubling route to chaos and
the mechanism of chaos generation to be the instability
of the periodic orbits following the bifurcation.
We used DATAPLORE
TM
for the analysis of the
time series. The time delay required for reconstruct-
ing the time series is chosen according to Ref. 9. With
a delay of 1.56, it is found that the autocorrelation
function falls to 0.5. With this delay, embedding di-
mension was calculated using false nearest neighbours
method.10 It is found that the percentage of the nearest
neighbours approaches zero with embedding dimension
three. Lyapunov exponents were calculated with em-
bedding dimension three, number of nearest neighbours
37 and degree of the extrapolating polynomial three.
The largest Lyapunov exponent is found to be 3.19. We
obtained 2.148 as the Kaplan-Yorke dimension. The
reconstructed phase space of the attractor is shown in
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Fig. 8 and is similar in appearance to the other chaotic
systems.
Time series of the randomly driven system is given
in Fig. 9. The largest Lyapunov exponent is estimated
to be 2.92 and Kaplan-Yorke dimension is found to be
2.31, when the time series is embedded in three dimen-
sions. The reconstructed attractor (with time delay
Δt = 0.6) given in Fig. 10 is similar to the one obtained
with a deterministic evolution. Similar results are ob-
tained with the Gaussian driving term being replaced
by pulses of uniform distribution.
To summarize, we have shown that it is possible to
construct a simple chaotic system by slightly modifying
the driven harmonic oscillator. This yields a piecewise
linear spring-mass system which behaves chaotically for
a wide range of parameter values. The stochastic ana-
logue of this system mimics much of the dynamical
features of the deterministic system. The time series
of both the systems can be reconstructed in three di-
mensions and allow the calculation of invariant param-
eters which make it useful in applications like structural
health monitoring.
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